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Modular minimal model of long-range transmission gamma of oscillation 
Teresa A Murray Student Member, IEEE
Abstract—Dynamic oscillations of local extracellular field potentials between 30 to 100 Hz have been associated with sensory perception, motor task planning, selective attention and working memory in cortical regions of the mammalian brain [1]-[3].  They have also been observed in the hippocampus. However, the degree of correlation between regions with these tasks, as well as their cellular and network mechanisms are still the subject of much study and debate. This is especially true with regard to rhythms observed in the hippocampus, which have been difficult to directly correlate with behavior [1], [4]. A minimal mathematical model was developed to study potential mechanisms of long-range neural transmission of gamma oscillation from the CA3 to the entorhinal cortex via the CA1 region of the hippocampus in this rather complex set of systems. A module was created for each local population of neurons with common intrinsic properties and connectivity to simplify the connection process and make the model more flexible.  The first three modules were created using MATLAB Simulink® and tested to confirm that they transmit gamma through the system. The model revealed that initial portion of the signal from CA1 to the entorhinal cortex may be lost in transmission under certain conditions.
Index Terms—Entorhinal cortex, hippocampus, Hodgkin-Huxley model, gamma oscillation.
I. INTRODUCTION
O
scillation  occurs when small networks of neurons fire action potentials in synchrony. These local field potential oscillations are a result of coordinated synaptic inputs and cellular properties of neurons which entrain the timing of action potential discharges for a local population of neurons [5].  This bursting activity may supply a dependable input that is capable of transmission of a signal across unreliable, probabilistic synapses between neurons [1].  Gamma oscillation, a form of neural synchrony also known as 40 Hz oscillation can be observed in extracellular field potential recordings as spiking waveforms occurring between 30 to 100 Hz.  This rhythmic pattern has been observed in the visual cortex upon presentation of optimal visual stimuli, the olfactory bulb for odor stimuli, and in motor cortex immediately prior to movement [1], [2], [5] and may relate cognition and behavior [6]. Gamma rhythm also occurs in neocortical and subcortical areas and the hippocampus. The hippocampus serves a vital function in higher order brain functions, such as spatial navigation, learning and memory [7].  Hippocampal neurons project to structures via pathways to these other regions including the subiculum, entorhinal cortex (EC), and thalamus, which in turn send efferent signals back to the hippocampus [8] allowing the hippocampus to play a key role in information processing [7]. 
Short-range synchronization between local populations of neurons does not always result in field potential oscillations, but synchronization over 2 mm usually occurs along with fast field potential oscillation [1], therefore it seems possible that gamma oscillation may be the means of transmitting information over long distances between different brain regions. However, the mechanisms that allow large collections of neurons to effectively interact across different regions of the brain are still not well understood [5]. Furthermore, the idea that synchrony facilitates information transfer between distant components of the nervous system, to create a movement or percept, remains controversial [9]. 
An example of a neural pathway that spans distances much greater than 2 mm is transmission of information from the CA3 region of the hippocampus to the entorhinal cortex. Signals entering the hippocampus pyramidal cells in the CA3 region, these cells send afferent processes, known as the Schaffer collateral (SC) to the CA1 region, which send signals to other regions including the EC, as shown in Fig. 1. Interneurons (IN) in CA1 appear to entrain the pyramidal cell firing within certain ranges of firing frequencies [1], [5]. This synchronization should be transmitted to the EC. 
Mathematical modeling, may lead to possible explanations as to how synchrony is conveyed over these long distances between functional neural centers. The resulting hypotheses could then be tested in vitro or in vivo, the models could be refined and used for further study, including investigations in mechanisms of learning and of pathological conditions, such as Alzheimer's and Parkinson's diseases, attention deficit disorder and schizophrenia [10]. It would be advantageous to have a mathematical model of a hippocampal-cortical system to test mechanisms of propagation of gamma rhythm across multiple regions of the brain. However, these are rather complex systems that involve multiple types of neurons and inhibitory and excitatory feedback loops [1]. So, a streamlined model would be a useful tool for conducting initial investigations. Such a minimal model was constructed. Each type of neuron was modeled as a single compartment with a minimal number of parameters limited to those that are important for their firing rates and entrainment of firing into coherent oscillation in observed frequency ranges. Local networks of the same type of neurons were represented by two neurons at most in a modular fashion. The first three modules of this minimal mathematical system were created using MATLAB Simulink® and tested to confirm that they reproduced experimental observations. These modules include the CA1 and CA3 regions of the hippocampus as well as the CA1 afferent projection to the EC. 
II. Methods
A. Modeling Network of Excitable Cells
The membrane properties of neurons, the phenomena of excitation, inhibition and their connectivity form the basis of most of the mathematical models used to describe synchrony and oscillatory rhythms in neuronal populations.  In general, the most basic oscillatory networks have two major classes of cells, inhibitory interneurons and excitatory principal neurons.  Three types of synchronization can result from this combination: (1) inhibition involving interneurons synapsing onto interneurons, (2) recurrent excitation among principal neurons, and (3) inhibition occurring through an excitatory-inhibitory loop [1]. 
This model incorporates mutual inhibition (1) in the module representing a local network of CA1 interneurons. Recurrent excitation (2) is built into the module for the CA1 pyramidal cell network. Finally, an excitatory-inhibitory loop (3) is formed between CA1 PCs and INs as shown in Fig. 1 below. In the model, the excitatory input from CA3 to CA1 via the Schaffer collateral is simulated with a pulsed current input analogous to their firing frequency in the gamma range. There is a pulse delay on one of the two CA1 PCs to simulate conduction delays [1]. 
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Fig. 1. Diagram of module connectivity. CA3 sends excitatory input to CA1 cells. CA1 INs connect to PCs with inhibitory synapses; conversely PCs connect to INs with excitatory synapses [1].

Some methods of simplifying this complex network into a manageable set of equations for creating a model and for simulating it include using single compartment neurons with lumped parameters for ion currents, and limiting the number of neurons in each module to two. Using only two neurons results in a less than smooth trace in some instances, but the firing frequencies are the same as for larger networks [6]. This also made the task of incorporating mild heterogeneity in neural populations relatively simple and added an element of realism [6], [11]. For INs, the current flowing into each cell was slightly different and for PCs, a short varied phase delay was applied. Another simplification strategy was to connect the modules via nodes, rather than wiring each neuron in a network in an all-to-all fashion to neurons in the neighboring network [12].  
Each type of neuron was represented using the Hodgkin-Huxley (HH) formalism, with a different set of parameters for each type of neuron. Numerous models of neural activity, including neural synchrony borrow from A. L. Hodgkin and A. F. Huxley’s model of the giant squid axon, consisting of a set of coupled differential equations, was introduced in the 1950s.  Their model describes the dynamics in neuronal membrane voltage when specific ions flow in and out of the cell membrane in terms analogous to an RC electrical circuit. It is still the most widely used model of excitable cells [13].
B. HH Style Equations Shape Interneuron Module
A modified HH model of CA1 hippocampal neurons with inhibitory synapses was developed by White et al. in 1998 to study the effect of mildly heterogeneous neurons on network oscillation and synchronization of interneurons in the hippocampus [6]. Their model of a point neuron, with lumped parameters for each of three ionic currents and the synaptic current, was recreated in MATLAB/Simulink®, and then simulated to ensure that the new model yielded the same responses to current input as shown in Fig. 2. This forms the CA1 IN module. The equations and parameters are described below. A copy of the Simulink® model is included in the Appendix. 

A differential equation describes the membrane voltage, Vm of a point neuron over time in terms of a current balance as   
C dVm/dt = Ii – I Na – IK – IL – IS,                                  (1)

where C is a membrane capacitance of 1 F/cm2. The currents across the membrane are, as follows: I Na, sodium ions; IK, potassium ions; IL, leak; IS, synaptic current, and Ii, is applied by the experimenter. These currents are described by INa = gNa m3∞ h (Vm – VNa) and IK = gK n4∞ h (Vm – VK) where the gating of sodium and potassium membrane channels vary nonlinearly as functions of time and membrane voltage. Similarly, the synaptic current is also modeled as a function of time and voltage with IS =  (gS /N) sj (Vm – VS).  The leak current is represented as being dependent upon voltage, but not time, yielding the expression IL = gL(Vm – VL) and the applied current, Ii is set between 0 – 10 A/cm2 as in White et al. Membrane potential is denoted by Vm and the equilibrium potential for each current term is, as follows: VNa = 45 mV, VK = -80 mV, VL = -60 mV and VS = -75 mV [6].

Because the conductance of each ion across the membrane is dependent on both voltage and time, a differential equation is used to model the dynamics of each in 2-4 below. The gating parameter, g is a linear term that represents the maximum conductance and the variables m, n, h and s are functions of time and voltage. Sodium gate activation in the  H-H model is normally represented by the variable m. Since interneurons have very fast sodium channels, White et al. assumed that the sodium activation was very fast, so the asymptotic value was used, as follows: m∞ (v) = (1 + exp[0.08(v + 26)])-1. Sodium gate inactivation, h is described by

  
dh/dt = (h∞ (Vm) – h)/h(v)                                       (2) 

where h∞ (v) = (1 + exp(0.13(v + 38))) -1 is the maximum inactivation and h (v) = 0.6/(1 + exp(- 0.12(v + 67)))  is the time constant. Potassium channel activation, n is given by
dn/dt = (n∞ (Vm) – n)/n(v),                                           (3) 

in which n∞ (v) = (1 + exp(- 0.045(v + 10))) -1 and n (v) = 0.5 + (2.0/(1 + exp(0.045(v – 50))). The synapses are assumed to follow first-order kinetics, thus the gating variable sj obeys 

ds/dt = F(Vj)(1 – s) – sj/s,                                             (4) 

where F(Vj) = (1+ exp(- Vj)) -1. The synaptic decay constant, s range was between 5 – 50 ms. [6]. Vj is the membrane voltage of the presynaptic neuron. Two synapses were constructed for each IN. The first facilitates mutual inhibition from neighboring INs and the second is for input from CA1 PCs. Three of the gating parameters were constants, gNa = 30 mS/cm2, gK = 20 mS/cm2, gL = 0.1 mS/cm2, and the gS value ranged from 0 to 2 mS/cm2 [6]. Proper functioning of 2-4 was independently confirmed by isolating the subroutine from the model, applying a voltage ramp and observing the sigmoidal curve. Each had the expected form [14]. The dendritic and somatic conductance for each current was lumped using the parameters above to yield characteristics of the waveforms typically observed in recordings, such as the Vm resting potential, Vion equilibrium potential, threshold amplitude for an action potential (AP), width of the AP waveform, and frequency response to applied current. Fig. 2A. shows that this module for CA1 IN responds as expected.
C. Refining CA1 Pyramidal Cell Module
Pyramidal cells produce readily observed field potentials in the hippocampus. A model based on in vivo electrophysiological studies of the hippocampus in rat performed by Varona, et al. was used to produce the initial set of parameters for the CA1 PC module, which also follow HH formalism. The values were refined by testing parameters used in other modeling efforts based on studies of PCs in vivo and in vitro [14]-[16], to yield to waveforms within the range of observed behavior [14]-[18] as described in the previous section.
Parameters values were assigned as follows: gNa = 50, gK = 20, gL = 0.1, gS = 0.5 each in mS/cm2; VNa = 50 mV, VK = -85 mV, VL = -65 mV, and an inhibitory synapse VS = -75 mV to facilitate inhibition via GABAA IN input. The optimal time constant, s was 7 ms. A pulse input with periods in physiological range was applied to the “membrane” in the first equation from the previous section to simulate transmission of signals from CA3 PCs.  The output from the two CA1 PCs was added and then multiplied by 0.5 to normalize the signal being sent to the next module.

The HH convention for the gating variables, m, n and n was used, which accounts for the slightly different arrangement of function boxes in the model. These equations are of the form dx/dt = x – x (x +x), where x = m, h or n. For Na+ activation gating, m = -3.48(Vm-11)/(exp((Vm-11)/-12.49))-1) and m = 0.12(Vm-5.9)/(exp((Vm-5.9)/4.47))-1); for Na+ inactivation, h = 3/(exp((Vm+80)/10)) and h = 12/(exp((Vm-77)/-27))+1); and for K+, n = -0.018Vm/(exp((Vm/-25))-1) and n = 0.0036(Vm-10) )/(exp((Vm-10)/12))-1) [14], [15], [18].  
D. Searching Parameter Space: Entorhinal Cortex Module

Studies and models of the entorhinal cortex principal cells were used to obtain some of the initial parameter values for this module [14], [19], [20]. gNa = 50, gK = 30, gL = 1.8, gS = 0.4 each in mS/cm2; VNa = 50 mV, VK = -95 mV, VL = -65 mV, and a excitatory synapse VS = 0 mV for input from CA1 PC node. Ii was set to zero. Na+ activation gating parameters were m = -3.48(Vm-11)/(exp((Vm-11)/-12.49))-1) and m = 0.12(Vm-5.9)/(exp((Vm-5.9)/4.47))-1); Na+ inactivation gating was, h = 3/(exp((Vm+80)/10)) and h = 12/(exp((Vm-77)/-27))+1); and K+ channels were n = -0.018Vm/(exp((Vm/-25))-1) and n = 0.0036(Vm-10) )/(exp((Vm-10)/12))-1) [14], [16].

Several parameters were either not defined in the literature or a widely varying values were found. The range of values for each of these was explored to find the values that produced EC-type waveforms in the gamma frequency range. The time constant, s was varied from 2 ms to 50 ms. APs were extinguished for values of s less than 5 ms; larger values changed the shape of the depolarization curve slightly but did not alter the firing frequency, so a 5 ms time constant was used. gS was also varied and found to facilitate propagation of gamma rhythm at a conductance above 0.4 mS/cm2, so this setting was employed. The performance of this network also depended upon the value of gL, with values outside a range of 1.5 to 2.7 mS/cm2 rendering the network incapable of transmitting the incoming CA1 signal, gL was set to 1.8 mS/cm2. 
III. Results
Preliminary simulations were performed using the interneuron module, consisting of 2 cells with mutual inhibitory feedback that was isolated from the other network modules. As expected the membrane voltage varied with current injection as in White et al.  using the same combinations of slightly different current injection levels to represent mild heterogeneity in the population of neurons [6]. Their results for their network representation of self-inhibiting CA1 interneurons were duplicated during simulation of the isolated MATLAB model, confirming that the model was successfully replicated in Simulink ®. Furthermore, their finding that gamma oscillation can be generated and maintained by interneurons in the hippocampus was repeated. The results in Fig. 2A. below demonstrate that the same frequency response was obtained for the identical set of combinations of heterogeneous current levels that they applied to neurons in their model. This can be seen by comparing the membrane voltage traces in their figure 2A with the ones in Fig. 2A below [6].
[image: image2.emf]0 20 40 60 80 100 120 140 160

-80

-60

-40

-20

0

20

40

60

Time (msec)

Membrane Potential (mV)

Interneuron Membrane Potential vs Time


Fig. 2. Membrane voltage versus time of one interneuron plotted in A (left) from isolated two-interneuron module during module test and B (right) from system with CA1 IN and PC modules in an excitatory-inhibitory loop. Interneuron firing frequency increases with increasing current input for each network incorporating mild heterogeneity [6], although the two-module system with reciprocal inhibitory feedback has a lower frequency for the same level of current injection. Current injection: top traces 0.4 A, middle traces 1.6 A, and lower traces 9.1 A. Frequency: for A top trace 30 Hz, middle 60 Hz, bottom 180 Hz and for B top trace 25 Hz, middle 56 Hz and bottom 98 Hz. (Vertical scale bar = 60 mV, horizontal scale bar = 60 ms, simulation length was 160 ms.)  
To demonstrate the effect of CA1 interneurons on pyramidal cell firing rates, the module was simulated with feedback from the pyramidal cells representing an excitatory-inhibitory feedback loop. For low CA3 input into CA1 via the Schaffer collateral (facilitated by a pulse input into the CA1 neurons in the model). Likewise, a small current injection was applied to the CA1 interneurons (Ii = 1.6 and 1.78 A into each of the two INs respectively). The CA1 pyramidal cells fired at their natural frequency for a low level of input from CA3 without any apparent alteration in their frequency from the interneurons, as shown in the top trace in Fig. 3. At higher levels of CA3 excitation into CA1 (Ii = 9.1 and 9.4 A into the two INs), the CA1 PCs would be expected to fire at the higher end of their frequency range. Apparently, the interneurons entrained the higher PC firing rate, reducing it to the peak of the gamma range at around 50 Hz. For even higher input (Ii = 12.4 and 12.8A into the two INs), the even higher expected firing rate of the PC network is further reduced to about 40 Hz, which is still in the gamma range.  
Transmission from CA1, through CA3 and into to the entorhinal cortex was also examined by simulation of the full model containing all three modules. The model included the feedback from CA1 pyramidal cells to CA1 interneurons. Figure 4 contains overlays of traces of membrane voltage for CA1 pyramidal cells (heavy red traces), CA1 interneurons (black dashed traces) and EC principal cells (thin solid blue traces) generated from separate simulations using increasing levels of input from CA1 to CA3. As expected, the interneurons fire at higher frequencies with higher current input with some modulation from CA1 PCs. They also fire faster than the PCs. Also for each case, the EC principal cells fire just after the CA1 PCs at the same frequencies (when they fire) illustrating an expected conduction delay. 
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The top plot of Fig. 4 is for the case of low excitatory input into CA3 (Ii = 1.6 and1.78A into the two heterogeneous INs respectively), the middle plot is for a case of moderately high input (Ii = 9.1 and 9.4A into INs) and the bottom plot is for 
Fig. 3. Heavy red traces are membrane potentials of pyramidal cells in CA1. Black dashed traces are membrane potentials of CA1 interneurons. Top: Low signal level from CA3: Pyramidal cells fire at the rate of 30 Hz set by the CA3 pulse. Interneurons fire at a low frequency of about 50 Hz. Middle: Moderate signal level from CA3: Pyramidal cells fire at the rate of approximately 50 Hz, in the peak of the gamma range as set by the CA3 pulse. Interneurons fire at a frequency of about 180 Hz. Bottom: signal level from CA3: Pyramidal cells fire at the rate of approximately 50 Hz, in the peak of the gamma range as set by the CA3 pulse. Interneurons fire at a high rate of about 210 Hz.
high levels of excitation and firing rates (Ii = 12.4 and 12.8A into INs). At this higher firing rate the first depolarization in the entorhinal cortex principal cells fails to produce an AP so that the frequency no longer matches the CA1 signal. 
Fig. 4. Membrane voltage versus time of CA1 hippocampal pyramidal cell (VmPC solid red trace), CA1 interneuron (VmIN black dashed trace) and entorhinal cortex primary cell (VmEC solid blue trace) from simulation of all three modules connected with excitatory-inhibitory loop in CA1 and a feed forward path to EC.

IV. Discussion
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This minimal model of a neural system was developed based upon earlier work that demonstrated that 2 single-compartment neurons could adequately reproduce key features of actual waveforms and their behavior in a local population of neurons [6]. Additionally, it was shown that was not necessary to have all-to-all coupling of neurons [11] in a network model to reproduce appropriate network behavior. Wang’s group postulated that in the limited space of the brain, all-to-all wiring was not feasible.  Their modified model coupled several interneurons at a node, with a few of those neurons coupled to interneurons of other nodes. They referred to the coupling scheme as “economy of wiring” and demonstrated that it could produce synchrony and oscillation at a variety of timescales [12]. Their finding was the inspiration for creating this modular set of networks that can be connected with minimal effort and computation. This makes the model more flexible in that various “wiring” schemes may be investigated without rebuilding the interconnections between network neurons one at a time. 
Researchers have found that a hippocampal interneuronal network with GABAB-receptor-mediated inhibition could produce 40 Hz oscillations without pyramidal neurons [3], [6]. The first test of the model determined that an isolated module of 2 interneurons could generate oscillations in the gamma frequency range (Fig. 2). 
Studies have also shown that blocking synaptic inhibition in networks resulted in exceptionally synchronous epileptiform spiking patterns. Their modeling efforts also revealed that synaptic inhibition is most frequently responsible for synchronization of large populations of neurons [21]-[23]. Therefore, the performance of the neurons in the CA1 inhibitory-excitatory loop was examined to confirm that it too could limit the output to gamma rhythm over a wide range of inputs (Fig. 3).  The interneurons appeared to entrain the pyramidal cells firing at higher firing rates. As seen in Fig. 3, interneuron inhibition limited the pyramidal cell oscillation to 50 Hz, which is about the average peak of the gamma range.
Simulating the full three-module model confirmed that gamma rhythm could be propagated from CA1 to EC. Surprisingly, simulations with high levels of excitation from CA3 revealed that leading portion of the signal from CA1 to the entorhinal cortex may be lost in transmission under certain conditions. This may be indicative of actual long-range transmission or it could be a result of inadequately tuned parameters. In either case, the model points to a need for more research to determine more accurate cellular parameters that could improve the model and to devise tests to look at transmission continuity during high activity levels of hippocampal processing. 

V. Conclusions
Reliable transmission of rhythmic oscillation in and between neuronal networks in the hippocampus, cortical regions and other related areas is critical for effective communication of perception, and learning and memory. In vivo studies reveal some evidence, but results can be difficult to replicate or interpret and data sets are incomplete due to the immense complexity of these systems and the relative difficulty of accessing some of these regions. Brain slice recordings allow for easier access to these structures, but maintaining intact and unperturbed networks for studies of long-range transmission of signals over multiple regions of brain is exceedingly difficult at best and may be unlikely. Modeling the cellular and network mechanisms of synchrony may provide clues as to how this transfer is propagated and provide more precise targets for improved studies, as well as indicate potential diagnostic and therapeutic targets for neural disorders. This proof-of-concept modeling effort suggests that modular mathematical modeling simulations may be scaled up to the point that they can provide enough information to formulate suitable hypotheses regarding the mechanisms that propagate gamma oscillation frequency over relatively large distances.
Appendix
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   A copy of the MATLAB Simulink® modular minimal model for transmission of gamma frequency from CA3 to CA1 via a network of pyramidal cells and interneurons to the entorhinal cortex is shown below. The first panel shows the CA1 interneuron network at the top and the CA1 pyramidal cell 
network at the bottom. The PC network is connected to the population of entorhinal principal cells (this portion was cropped out and placed beneath the other two modules to allow for a larger view of the system). 
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